We present a comprehensive study of the diverse properties of heteronuclear Rydberg molecules, placing a special emphasis on those composed of the light alkali atoms, Li, Na, and K. Electron-atom scattering phase shifts, which determine the strength of the molecular bond, are calculated at very low energy and then used in a fully spin-dependent theoretical model to calculate accurate Rydberg molecule potential energy curves. The wide parameter range accessible by combining the various properties of different alkali atoms often leads to hybridized electronic states accessible via one or two photon excitation schemes. This analysis of heteronuclear molecules leads to a prediction that the relative densities and spatial distributions of atoms in an ultracold mixture can be probed at controllable length scales via spectroscopic detection of these molecules.
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I. INTRODUCTION
Long-range Rydberg molecules have attracted significant interest since their experimental observation nearly a decade ago [1] . Subsequent experiments observed all the molecular states originally predicted [2] [3] [4] , from the low-l non-polar Rydberg molecules [5] [6] [7] to the exotic polar "trilobite" and "butterfly" states [8, 9] . These observations were sophisticated enough to require careful studies of fine and hyperfine structure and singlet/triplet scattering symmetries. These molecules have been observed in three atomic species (Rb, Cs, and Sr) and proposed in several others (Mg, Ca, and Li) [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Tantalizing field control opportunities, stemming from the huge dipole moments of these molecules, have inspired theoretical [15] [16] [17] and experimental [8, 18, 19] studies. Finally, the observation of polyatomic Rydberg molecules in dense atomic clouds and at high principal quantum numbers has sparked significant interest, and remains a challenging theoretical problem in all but the simplest Rydberg states [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
Simultaneously, the production of ultracold mixtures in the quantum degenerate regime has become routine in numerous atomic species [32] [33] [34] [35] . Many fascinating experiments can now be performed, for example to study sympathetic cooling of different species, or to study recombination between species leading to unusual few-body bound states such as Efimov trimers [36] [37] [38] . Exciting progress in the study of ultracold polar molecules has resulted in the creation of nearly every bi-alkali combination; this is the most promising route towards the production of ultracold molecules [39] [40] [41] [42] [43] [44] . The reactivities, electric and magnetic dipole moments, and other molecular properties vary greatly between bi-alkali pairings.
This present article has three primary aims motivated by these recent experimental developments. First, to encourage the study of Rydberg molecules composed of Li, Na, and K by calculating their low energy electron scattering phase shifts. These calculations are more specialized to the very low energy scattering regime important for Rydberg molecules than most existing calculations.
Second, to tabulate potential energy curves for these Rydberg molecules and show the diversity of molecular features stemming from the broad parameter space of atomic properties, e.g. quantum defects, scattering phase shifts, and hyperfine splittings. Mixing between the polar trilobite-type states and non-polar low-l states occurs frequently in these molecules, providing new experimental opportunites. Third, to show that spectroscopy of these heteronuclear molecules reveals details of the relative densities and spatial distributions of atomic species in a two-component mixture, and thus can be used to determine the properties of quantum degenerate mixtures over a range of length scales via Rydberg spectroscopy.
II. SCATTERING PHASE SHIFTS
Although scattering phase shifts for the light alkali atoms were first calculated more than forty years ago, the extreme sensitivity of Rydberg molecule potential curves, particularly at the kHz-resolution of current experiments, demand highly accurate phase shifts. Due to the increase in computational power and refined experimental measurements since these earlier calculations, it is valuable to revisit these calculations. Electron-atom scattering phase shifts are calculated using a nearly ab initio two-electron model Hamiltonian. The atomic valence electron and the scattering electron interact individually with the positive ion through a model potential V l (r) [45] [46] which depends on the electronic orbital angular momentum l. With these model potentials the Hamiltonian (Atomic units will be used throughout unless otherwise noted) is
where r 1 , r 2 and ∇ 1 , ∇ 2 are, respectively, the electron position and momentum operators, This models how the electrons interact indirectly through the induced polarization of the atomic core, which has a polarizability α i [47] . The cutoff radius r c is determined by fitting the electron affinity (EA) to experiment (see Table I ). Neglecting V pol exaggerates the EA, which led early studies of Cs to erroneously conclude that its 3 P shape resonances were weakly bound states [48, 49] .
We use the eigenchannel R-matrix method to solve the time-independent Schrödinger equation with the Hamiltonian in Eq. 1 and standing wave scattering boundary conditions. Since many references extensively discuss this method and its use in such diverse applications as Rydberg photoionization, negative ion photodetachment, and electron scattering [47, [50] [51] [52] [53] [54] , here the description focuses on the specific numerical implementation. We varied the size of the R-matrix region from 25a 0 to 55a 0 , distances large enough to contain a few low lying wave functions and also to ensure that the long-range potential outside of the R-matrix region is dominated by centrifugal and polarization contributions. Although quantum defect theory could be used to directly match to appropriate asymptotic solutions [55] , we instead numerically propagated the wave function in this long-range potential from the inner R-matrix boundary out to a much larger distance ∼ 2 × 10 4 a 0 , then matched it to the standing wave free-particle solutions to determine the phase shifts [56] . The phase shifts are independent of this outer distance, and down to 200 meV are independent of the size of the R-matrix region. At lower energies they depend, at the order of a few percent, on the size of the R-matrix region. Based on these convergence tests we fixed the Rmatrix region size to be 45a 0 for K and 35a 0 for Na and Li. The larger value for K is consistent with its larger polarization. At extremely low energies the phase shifts become unphysical due to the finite R-matrix region, and we fit the scattering lengths to the effective range formula of Ref. [57] . This fit is insensitive to the range of fitting energies, and allowed for accurate extrapolation to zero energy. We included 10 partial waves in the two-electron basis, constructed out of 48 closed functions and 2 open functions computed with a B-spline basis. This treatment is non-relativistic, so the 1,3 S and 1,3 P symmetries were computed separately. Fig. 1 displays calculated phase shifts for Li, K, Na, and also non-relativistic Rb for comparison with the results of Refs. [66, 68] to support the accuracy of the other results. The 3 S phase shifts all exhibit a low-energy peak, characteristic of a virtual state and therefore a negative scattering length, while the 1 S phase shifts all increase monotonically to their zero-energy value and have small positive scattering lengths. All atoms possess a 3 P shape resonance, which is quite broad in Li and especially Na. Fig. 2a shows the s-wave scattering lengths and their smooth extrapolation to zero energy. Fig. 2b shows the 3 P resonance profiles and their positions and widths obtained fits to Lorentz profiles. Table I summarizes previous results from the literature. Our Li phase shifts agree with those calculated recently in Ref. [50] , although the zero-energy scattering lengths differ by around 10%. The effect of the dielectronic polarizability term in such a small atom is tiny, and had almost no effect on these results; likewise, the calculated polarizability equaled the experimental value (see Tab. II) with less than one percent error. It appears that the dominant source of error in the zero-energy values stems from the dependence on the R-matrix region size, but it unclear if this explains the discrepancies with previous results as none of the box sizes studied here led to zero energy values as large in magnitude as those previously reported.
The Na results from Ref. [65] are in good agreement with ours to within a few percent. The 3 P resonance energy is higher than all previous theoretical values, and this appears to be caused by the dielectronic polarizability. Upon neglecting this term the position of the resonance decreases by approximately 5meV. The calculated Na polarizability differs slightly from the most recent experimental value, also because of higher order polarization effects neglected in our model potential. For this reason for Na and K we used the experimental polarizability in both the propagation of the wave function outside of the R-matrix region and in the effective range expansion to zero energy. Use of the theoretical value slightly depressed the Na triplet scattering length to around -5.8a 0 , hinting that the discrepancy between the present calculations and the literature values are due in part to their neglect of these dielectronic polarizability induced effects.
The K phase shifts of Ref. [73] are, to the best of our knowledge, the only detailed calculation of these phase shifts over this energy range, although Refs. [66, 67] report scattering lengths and resonance parameters. In K the dielectronic polarizability plays a much greater role than it does in Li and Na. Our 1 S scattering length is significantly larger than previous values; however, by neglecting the dielectronic polarization term in the Hamiltonian or using the theoretical rather than experimental polarizability for the long-range potential we obtain scattering lengths ranging from 0.2 -0.9 a 0 . Likewise, the 3 S scattering length changes to -15.1a 0 when the theoretical polarizability is used. The 3 P shape resonance position shifts to much lower energies without the dielectronic polarization term.
In summary, the present results are generally in good agreement with previous calculations over a large range of energies. The discussion above suggests that significant differences are likely caused by the inclusion of higher order polarization effects in the model Hamiltonian via the dielectronic polarization term and the use of accurate empirical dipole polarizabilities. Sources of error stemming from the model potential, finite R-matrix region, prematurely truncated two-electron basis set, or errors in the extrapolation to zero energy, all contribute to an uncertainty in these quoted scattering lengths and resonance parameters which we estimate to be ±0.2a 0 and ±1meV, respectively. The good agreement between the Rb results and previous non-relativistic calculations further supports these conclusions [66, 68] .
III. ULTRA-LONG-RANGE RYDBERG MOLECULES
The s and p-wave phase shifts summarized in the previous section, along with the empirical quantum defects, polarizabilities, and hyperfine constants given in Table II , provide all the numerical and empirical input required to calculate Rydberg molecule potential energy curves. This calculation is outlined in detail in Ref. [10] , and so we only briefly summarize the main ideas here. The total Hamiltonian includes the individual Hamiltonia of the non-interacting Rydberg and ground state atoms along [69] , the Li quantum defects are from [70] and [71] , and Na and K quantum defects are from [71] . The value for pJ in parentheses is for 7 Li, while the rest are isotope-independent. a The polarizabilities calculated using the model potential in our R-matrix calculations; b polarizabilities measured in Ref. [72] .
.
with the spin-dependent interaction potential described by the s-wave Fermi pseudopotential and p-wave generalization due to Omont [74, 75] . This Hamiltonian is diagonalized in a basis of Rydberg states with total angular momentum j coupled to the nuclear and electronic spins i and s 2 of the perturber. The eigenenergies of this Hamiltonian, evaluated at each internuclear separation R, are the adiabatic potential energy curves which determine the rovibrational structure of the Rydberg molecule. We also include the polarization potential − α 2R 4 between the Rydberg ion and the ground state atom. Since the light alkali atoms have small spin-orbit splittings scaling as Z 4 we have only used a non-relativistic R-matrix calculation to compute phase shifts, and therefore do not include J-dependent phase shifts as are necessary for Rb and Cs. This approximation is excellent for Li and Na, and is sufficiently valid for K, although its similarity to Rb suggests that the spin-orbit splitting of the p-wave phase shifts could affect butterfly-like states.
Like Rydberg atoms, Rydberg molecules follow several n-scaling laws. The energy splittings between Rydberg states decrease as n −3 . The molecular potential wells determined by s-wave scattering decrease as n −6 for the low-l states, while the trilobite potential wells, formed by the mixing of degenerate high-l states, decrease as n −3 . In contrast, the effect of the p-wave shape resonance is approximately independent of n, and the hyperfine splitting of the ground state atom is fully independent of n. Thus, only some of the aspects of these potential curves investigated here scale rigorously with n. The different scaling laws can lead to a variety of new phenomena. Examples can be found in Refs. [76, 77] where the mismatch between the hyperfine, Rydberg, and fine structure energy scales was utilized to exploit favorable degeneracies. Ref. [9] , on the other hand, utilized near-degeneracies in the s quantum defect that are independent of n to admix trilobite and ns states.
To match previous theoretical work [2, 10, 78] we set n = 30 as the prototype Rydberg state. As discussed in [10, 79] , there are considerable ambiguities associated with the rigorous convergence of this calculation due to singularities in the Fermi pseudopotential and the divergent p-wave phase shift. For consistency we have, as in Ref. [10] , chosen a basis of Rydberg states with n ∈ {28, . . . , 31}, and have set the semiclassical momen-
The only good quantum number of the system is the projection of the total angular momentum onto the internuclear axis, Ω. , and we focus on Ω = 1 2 for all dimers since this symmetry permits the most potential curves. At infinitely large internuclear separations the Rydberg atom's angular momentum j and total spin of the ground state atom F = s 2 + i are good quantum numbers and are used to label the energy levels reached asymptotically by each potential energy curve. Fig. 3 displays these potential curves for all heteronuclear combinations X * Y, where X * denotes the Rydberg atom and Y denotes the ground state atom. Fig. 4 highlights the trilobite potential wells. In addition to Li, Na, and K we consider Cs, the heaviest alkali atom regularly studied in the laboratory, because of the interesting physics associated with its large nuclear spin (i = 7/2) and pronounced 3 P J splittings. It is also a promising candidate for heteronuclear systems involving K [35] . Rb, although very common in ultracold systems, has very similar scattering properties and quantum defects as K, and so for brevity we did not study combinations involving this atom. We also focus on the most common bosonic isotopes, 7 Li, 23 Na, 39 K, and 133 Cs, since the primary effect of different isotopes on the potential energy curves presented here is the fairly trivial change in hyperfine splitting. The choice of isotope can, of course, dramatically affect the spatial correlations and stability of quantum degenerate mixtures due the different statis- tics obeyed by bosonic or fermionic isotopes. Fig. 3 shows the general energy landscape for each dimer combination considered here. The positions of low−l states shifted by their quantum defects are nearly identical within a single column (their positions depend slightly on the row due to the hyperfine splitting of the perturber) and are labeled in the top row. At this level the fine structure splittings of Li, Na, and K are unresolvable, but the relatively large hyperfine splittings of Na and Cs are seen in those rows. In Fig. 4 at one or more energy levels in each column are labeled to orient the reader, and the hyperfine-split degenerate manifolds are highlighted to show the size of the hyperfine splitting on this level and distinguish it from fine-structure splittings. To organize the detailed analysis of these potential curves we will consider each atom separately in the following, although these discussions will still overlap somewhat when considering heteronuclear molecules.
Lithium: All Li * X molecules have relatively featureless potential energy landscapes due to the small Li l = 0 quantum defects and negligible fine structure splittings. The np state lies close to the hydrogenic manifold and so perturbers with sufficiently large scattering lengths could form trilobites that couple to this state. This is seen in the Li * K and Li * Cs potential curves in Fig. 4 and in Fig. 5a , where the effect of trilobite mixing is evinced by the increased depth of Li * K potentials compared with the Li 2 potentials. The deeper trilobite state of K repels the np Li potentials far more than the weaker Li trilobite state. However, even without this inherent mixing caused by a large scattering length, external electric fields can mix the np and trilobite state [16] . For all X * Li molecules, the small Li-e scattering lengths lead to shallow potentials, almost invisible on the scale of Fig. 3 , and its p-wave shape resonance is too high in energy to support any butterfly-type states.
Sodium: All Na * X molecules are characterized by sizeable s and p and very small d quantum defects; these lead to a variety of novel molecular scenarios. The nd state readily mixes with the trilobite state (Fig. 5b) . Like the mixed (n + 4)s and n-trilobite states of Cs [9] , this creates a pathway for two-photon excitation of highly polar molecules. Unlike in Cs, the p-wave contribution and hyperfine splittings in Li and Na are quite weak, so this system is theoretically easier to interpret and experimentally should be more stable and longer-lived. Fig.  5b also shows the different asymptotic energies associate with the hyperfine structure of different perturbers; the energy splitting when both atoms are in the F = 1 spin FIG. 6. Potential energy curves with Ω = 1/2 associated with the Na 30pj Rydberg states. In (a) Na is the perturber. In (b) the Na(30pj)Na(F = 1) (black), Na(30pj)K(F = 1) (Red, coarse dashing), and Na(30pj)Li(F = 1) (blue, fine dashing) potential curves are shown in greater detail. The energy scale is relative to the n = 30 Rydberg energy.
state is given by 5 4 ∆A Li,Na , where ∆A X,Y = A X − A Y is the difference between atomic hyperfine constants.
The Na np state is unique among the alkalis in that its energy is close to the (n − 1) manifold. This presents opportunities to excite the repulsive singlet trilobite state, which is also most prominent in Na since it has the largest singlet scattering length, via one-photon excitation through its p-state admixture at relatively short internuclear distances (around 500 a 0 as highlighted in Fig.  6a ). Fig. 6b shows potential curves for Na 2 , Na * K, and Na * Li molecules. In all three cases the effects of the p-wave coupling is noticeably absent because the np Rydberg state lies below the butterfly potential wells (Fig.  3) , although for both Li and Na perturbers the p-wave interaction is too weak to even form these wells. The energy shifts between asymptotic energies are again determined by the difference in hyperfine coupling constants, although now with a different coefficient since these are FIG. 7. Potential energy curves with Ω = 1/2 for K2 (black) and K * -Cs (dashed red) molecules. In (a) the entire region of butterfly states is shown. K2 has several deep, regularly spaced butterfly wells, while K * Cs has many different butterfly potential energy curves since its 3 PJ and hyperfine splittings remove many near-degeneracies in the K2 molecule. The energy scale is relative to the n = 30 Rydberg energy. F = 2 levels. Further insight into the implications of the heteronuclear structure shown in Figs. 6b and 5 is given in Sec. IV.
Potassium: Both as the Rydberg atom and as the perturber, K is quite similar to Rb and thus does not have many new features of note that have not been studied extensively in prior investigations. Like the butterfly states observed in Rb [8] , both K 2 and K * Cs butterfly molecules are bound near the (n+1)p state. Fig. 7a shows the butterfly potential wells for both of these molecules. Fig. 7b shows the 31p 1/2,3/2 Rydberg molecules in greater detail, emphasizing the role of the p-wave shape resonances dominant in Cs and again showing how the different hyperfine coupling (now no longer proportional to the difference in A between the two atoms since they have different F values) of the perturber atom leads to overall energy shifts in the asymptotic energies of the atoms.
Cesium: We have used relativistic Cs phase shifts from Refs. [78, 80] in these calculations. Since Cs has been studied extensively before, we only highlight here a particularly interesting set of hybridized butterfly states again caused by the location of the np level of Na. Fig.  8 shows that this state cuts through the very long-range butterfly potential wells associated with the 3 P 0 and 3 P 1 scattering symmetries. In homonuclear Cs 2 these states are challenging to excite since they have predominantly high-l electronic character, but in Cs * Na single-photon access should be possible through the admixture of np character to these butterfly states. These are located at much larger internuclear separations than possible in Rb or K, and as a result these butterfly-type molecules will have very large dipole moments and decreased decay rates compared to the butterfly states of Rb [8] .
IV. PROBING ULTRACOLD MIXTURES THROUGH RYDBERG MOLECULE SPECTROSCOPY
The previous section highlighted multiple variations of the basic structure of Rydberg molecules known from studies in Rb and Cs. In addition to the many hybrid polar/low−l molecules, the isolated low-l states provide an experimental probe of electron-atom scattering through the dependence of their binding energies on the scattering lengths and p-wave resonance positions. The ability to collate data from multiple atomic species, isotopes, and Rydberg states will help to refine these measurements.
We now show that Rydberg molecule spectroscopy can also probe the properties of ultracold mixtures, such as the relative densities of different components and their spatial correlations, in a very controllable way. As Figs. 5, 6, and 7 suggest, the relative energies of Rydberg molecules to a given atomic line depend strongly on the perturber atom, as its hyperfine structure and well
FIG. 9.
Top: the probabilities PLi(1600a0) (blue) and PNa(1600a0) (red) as a function of nLi for a fixed total density nLi + nNa = 10
13.5 cm −3 . At nLi ≈ 10 12 cm −3 , the gas is effectively single-component and only Na2 forms. At nLi = nNa = 10
13.2 cm −3 the probability of finding a Li perturber matches that of finding a Na perturber at the desired bond length. Above this density the Rydberg atom is most likely different from the perturber, and heteronuclear molecules predominantly form. Bottom: predicted Rydberg molecule signal with a Na Rydberg atom as a function of nLi. The homonuclear (black) and heteronuclear (red) potential energy curves are overlayed to show the origin of the spectral lines, which shift from homonuclear to heteronuclear as nLi increases.
depths can vary drastically. We illustrate this idea with a simple model general to any combination of atoms given here, but for concreteness we will apply it to the Na 2 and Na * Li potential energy curves shown in the highlighted region of Fig. 5 . The probability of finding a perturber of species X a distance r from the Na perturber is given by a two-species nearest neighbor distribution,
where a X = 4πnX 3 −3 is the Wigner-Seitz radius for species X, which has a density n X . P Li and P Na are shown as functions of n Li in Fig. 9 for a fixed distance r = 1600a 0 where the deepest bound molecular states in the low-l potential curves of Fig.6 are localized. To witness how these relative densities can be measured experimentally, we consider the trilobite-like states of Na 2 and Na * Li shown in the gray region of Fig. 5 and reproduced in Fig. 9 . As a crude approximation of the full vibrational structure of these molecular states, we assume that each deep potential well supports a bound state at its minimum, thus obtaining four binding energies E Na i and bond lengths R Na i for the homonuclear molecule and eight E Li i , R Li i for the heteronuclear molecule. We assume that the Franck-Condon factors for these states are equal. This is reasonable at ultracold temperatures since the initial scattering state of the nuclei is nearly flat over these distances and the transition dipole moments for these different molecular states are very similar. Thus, the photoassociation line strengths are proportional to the probability of finding a Na or K perturber at the right position. With these assumptions, a simple expression for the line strength as a function of energy is given by summing over the line profiles f (E X i ), centered at E i , and weighted by the probability of finding a perturber at the corresponding R i :
The bottom panel of Fig. 9 shows this spectrum S(E) as a function of n Li , still with the total density fixed at n = 10 13.5 cm −3 . At very low n Li all that is visible is the homonuclear signal. The lines at a constant density vary in strength because of their different bond lengths. As n Li increases new lines become visible as heteronuclear molecules start to become probable. At high n Li only the heteronuclear lines are visible. Thus by sweeping the photoassociation frequency over a range of detunings from the bare Rydberg line and measuring the relative strengths of different lines the relative atomic densities present in the mixture can be extracted. As the different lines can be associated with distinct radial distances, the relative strengths of different lines can also yield information about spatial correlations. The simple model presented here is generally applicable to all systems studied in this article since different perturbers will always, through their hyperfine structure and/or different scattering properties, have binding energies associated with a given Rydberg state that are distinguishable from homonuclear binding energies.
V. CONCLUSION
This paper has provided the low-energy phase shifts and sets of relevant empirical parameters necessary to compute accurate Rydberg molecule potential curves for all combinations of alkali atoms. The exemplary potentials tabulated here reveal the wide variety of novel molecular states present in heteronuclear Rydberg molecules, many of which are far more favorable to optical excitation than corresponding homonuclear states. Finally, since molecular states associated with different pertubers lead to markedly different spectroscopic signatures, the formation probability of heteronuclear molecules in an ultracold mixture depends strongly on the relative densities of atoms in the mixture, and is sensitive to these densities over a large range of distances much greater than typical atom-atom scattering lengths.
The main aspects of this study can be readily extended to other atomic species, such as the alkaline-earth atoms or lanthanides, mirroring current work in quantum degenerate gases. In the case of the lanthanides, this requires ab initio calculations of scattering phase shifts at low energy. Likewise, calculations [14] of these phase shifts in the alkaline earth atoms can be experimentally refined via spectroscopy. The phase shifts calculated here for the alkalis could be improved further with a fully relativistic treatment, and the model describing the density dependence of heteronuclear and homonuclear lines could be improved by including a more precise description of the line shapes, such as that given in Ref. [81] .
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